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CALCULATION OF TRANSIENTS IN ELECTRICALS
CIRCUITS OF THE SECOND ORDER

by Associate Professor V. Hraniak
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ALGORITHM FOR CALCULATING TRANSIENTS IN
COMPLEX ELECTRICAL CIRCUITS
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RULES OF COMMUTATION

W,(0.)=1,(0,)
|7,.0)=m,.(0,)




1 OF OBTAINING A DIFFERENTIAL

Kirchhoff's firstrule :ip =i~ =1i; =1

Kirchhoff's second rule :—Vs +'|v’R +VC +VL = 0 — _VS +I‘RR +VC +VL = 0
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jan i . . 2. 2. . .
+‘!R(r) +‘!L(r) +Ld ) =st N d I+Rd1+ I =de
n dt dt* Ldt LC Ldt

52 . _ _
vs(0) _) i0) ) ve® 2 + _V cdve _ v [Lic_d"c]
R R dt dt

I
. (&) ., . di
1R+vC(e‘=D)+I dt' +L—=vg
-(I}.C dt

: Differential equation for i

dv . : .
' ]+ RC—%+v, = v, : Differential equation for v,
dt S

dr?
d 2x(r) dx(t)

a, % +a, o +ayx(t)= by f(t) = Second - order linear ordinary differential equation




1.1
L. o e i R _: .
Kirchhoff's first rule 'IRI =1y +£RE %R Iy —I—ifl,,r2

Kirchhoff's second rule : — v ¢ tVvp+v, = 0—v R =Vg—Vp
{

Ve . . Ve—Vv, .
—L =i +ip, _}¥=1L(I=O)+I
R . R

AW (t) dt’ + 2L
L R

.r‘

’ {
ve—v; = Ri; r—ﬂ)+_[ A )dr +v, >ve=Ri,(t= +IRF dt’ +2v,
0

dvg 2dv dvg ... : L.
b L Tﬁ : Differential equation for v,
t




Kirchhoff's first rule :ERI =ic+i;

Kirchhoff's second rule i—=Vg +vR +Ve =0—- Vg =1;R +ve

—Ve+Vg, +v =0 ve=vp +v =L

2.
vp =ig Ry =ic +i, )R, [Cd €+ JRI =(Ci[Ldi+;LREJ+f,_)R, =(LCd 'L +R2Cd—L+£LJR]

dt dr\ dt dt’ dt
dsz dIL

diy
Ve =Vp +V- = +R,C—/+i, [RR+L—+i, R, >
0y R TVe [ i’ dr LJ 1 dr L1

d?‘zL di;

+ R R,C—=
dt

di;
+ Ri +L—+I R
1L a 2 =™

+(RR,C + L)% +(R, +R, )i, = vy : Differential equation for i,
t




HOMOGENEOUS SOLUTION OF SECOND-ORDER
DIFFERENTIAL EQUATION

a-p’+b-p+c=0




COMPLEX-CONJUGATE ROOTS

uc(t)=e" (4 sinwyt + 4, cosw,t)
ROOTS ARE REAL AND DIFFERENT

uc(t)=Ae™ + 4,e™
ROOTS ARE REAL AND THE SAME:
The transient proce a transition between aperiodic and
oscillatory processes N —
In this case, the voltage on the capacitor is written as



. . . v . .
Stepl: ig =igc =iy —)R—R=1L+1C

T
—Vg+vp+ Vv +ve =02 vp +v +Ve = vy
t

. . 2. . .
R+ L v =0)+ [ ATy L

ﬁdﬁ'=v5—),{, L +R
1 C dt dt C

Step2 : vc(r=0-)=5V=vc(r=0+liL(t=0')=0A=i,_(t=0'+)
;L(r_0+)R+L‘zL (=07 )+ve(e=0)=v, el%(t=0+)+5V=25V—>%(t=0+)=20Afs

i di, (), 20 axle) |
RC —0:— K
HRC o+ o2 d  w, dt x{t)=Ks /()

-6
_\F 5000 ho s

dvg _
dt

diy i —0— Lcd2

Step3: L—L ‘; L +R=L

%—LC—H&) "LC I —IOOOmdfs), = RC 4_7

— Overdamped response

where s, , = ~Cw, + @, {* -1

Complete Response (forced response =0)

i (t)=eqe™ +a,e™

-{w, +w, ﬁ]l -{m, —mnﬁ)f

+ a'ze(

I.L {r)= a']&’[
Step4: Using 0 A =i, (t =07 ) and %(i =0" )= 20A/s, determine the constants ¢, and «,

fL( =0+)=0=a1+a'2

) (A ) S
%(r =0+)=20=a1(—§’wn +w, ¢ —l)+afz[— (w, —wn,fﬁ)

Current, A

_D Vs

o fo—| —wWh—

R=

CopyTGOThE MeGraw-HIl C , B F

x 107

S,OOGQ L=1H C:]].,LF
Vg=25V

raguined for or daplay.

Complete response of
overdamped second-order circuit
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—— Complete response
Natural response due to first root

Natural response due to second root
Forced response i
| I | |

2 3 4 5 6
Time (s) x 107
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—Vr +VR +VL =0— Vp =Vr —Vy and —Vr +VR +1-"C =0— Vp =Vpr = Ve

' di;
vp —L—

dt




1 d*x(r) 2¢ ax(t
v . a0 0 d:2()+mf dg)

dt
where the constants @, = +/a, /a, ,¢{ =(a,/2)\1/a,a, and K = b, /a, termed the natural frequency, the damping ratio,
and the DC gain, respectively.

G i e ol The final value of 1 is predicted by the DC

Response of second-order system to switched unit input

1.8 gain Kg=1, which tells us about the steady

' !\‘ state.

+x(t)= K /(1)
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The period of oscillation of the response is
related to the natural frequency w =1 leads
to T=2 pi/w, = 6.28 sec.
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The reduction in amplitude of the
oscillation is governed by the damping
ratio. With large damping ratio, the

5 10 15 20 25 30 35 response not overshoots (oscillates) but

Time (s) looks like the first order response.
w, = 15; ZU.IH.I]dKS =1

Damping -> friction effect




l 1 dzx(r)+2§ dx(t)

+ x(r)z KSf(r) 16 CopyrightiDThe McGraw-Hill Companies, ng. P quired fof reprodu clion of daphay.

W' di* @, di
Natural Response

1 d’xy (r)+ 2¢ dxy (1)

(0_3 dr’ w, dt

=
=

b

+xN(t)=0

[—

L
=
=
-E- -® -
=1 b . ST B . - 02
xN(f)zﬂfles'I +£115'2c6352r where s, , = —(w, imn\ﬂé'z -1 < 08 s Rt %z:g—gli
] o v L — =1}
Case | : Real and distinct roots.(¢ > 1) — Overdamped response = - Zeta=0.6
) = 06 FHp-tfr——1T—"T—T—T1cc0eeee Zeta= 0.81
— Look like the first order system = oc: Dhtwoc] B
Z 04 W iy
[ #2 eta= 1.5
S12 = _gwn tw, ; -1 — feta = 2.0
) .
Case 2 : Real and repeated roots.(¢ =1) O T T T T T Zeta=3.0
” —_— - = Zeta=4.0
— Critically overdamped response — Oscillation 0 r -
15 20 25 30 35 40

S12 = W, * Time (s)
Case 3 : Complex roots.(é' <1)— Underdamped response — Oscillation

Sl,2 = _gwn T jwﬂ 1- ‘;2

Forced Response due to DC (where f(t)= F): ddelfl‘) -0

1 dx, () 28 dvp(t)
o, d:; "o, 7 +xp(0)= K f(t) 120 5|xp (1) = KsF 120

Complete Response

x(t)=xy(t)+x-(t) o and @, is constants that will be determined by theinitial conditions.
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